The extrapolation of biological damage from a biomechanical model requires that a closed-form mathematical damage threshold function (DTF) be included in the model. A DTF typically includes a generic load variable, being the critical load (e.g., pressure, strain, temperature) causing irreversible tissue or cell damage, and a generic time variable, which represents the exposure to the load (e.g., duration, strain rate). Despite the central role that DTFs play in biomechanical studies, there is no coherent literature on how to formulate a DTF, excluding the field of heat-induced damage studies. This technical note describes six mathematical function types (Richards, Boltzmann, Morgan-Mercer-Flodin, Gompertz, Weibull, Bertalanffy) that are suitable for formulating a wide range of DTFs. These functions were adapted from the theory of restricted growth, and were fitted herein to describe biomechanical damage phenomena. Relevant properties of each adapted function type were extracted to allow efficient fitting of its parameters to empirical biomechanical data, and some practical examples are provided.
The extrapolation of biological damage from a biomechanical model requires that a damage threshold be included in the model. Consider for example a computational simulation of tumor ablation, which provides timedependent temperature maps of cancerous and normal tissues around the ablation electrode (e.g., see Liu et al., 2005) . To predict the extent of tissue damage in either cancerous or normal tissues, it is necessary to compare the simulated time-dependent temperature maps with empirical data that specify which temperature levels and time exposure lengths cause irreversible tissue damage. To allow for systematic comparisons, the empirically obtained critical temperature levels versus exposure times would need to be formulated as a closed-form mathematical function-a damage threshold function (DTF)-that can be included in the simulation code for calculating the size and shape of the damage region (e.g., as in Gefen, 2007; Linder-Ganz & Gefen, 2008) .
The concept of a DTF in the example above can be expanded to describe a broad range of biomechanical problems. External energy, such as thermal, mechanical, or electrical, is converted into internal work in tissues and cells. However, tissues and cells have defined (and in many cases, measurable) tolerances to a wide range of energetic loads, such as temperature, pressure, deformation, strain energy density, tension stress, and current density. Hence, when formulating a DTF it is possible to refer to a generic load variable Y.
It is a common observation that a living tissue or cell culture may be able to remain viable for a longer time period if a constant low level of load Y is applied, or just for a short period if a high load level Y acts (specific examples are given in the Methods section). Hence, a DTF typically includes a generic load variable (e.g., pressure, strain, temperature), being the critical load Y causing irreversible tissue or cell damage, and also a generic time variable X, which represents the exposure to the load. In many cases, the time variable X is simply the time of delivery of the load Y, as in the tumor ablation example; however, the X variable can be generalized to describe conjugates of time. An example for this would be the formulation of a DTF for bone tissue that is subjected to tensile strains at different strain rates. The load variable Y would be strain, and the time variable X would be the strain rate (per second), which is a conjugate of the time (in seconds). The DTF Y = f(X) should describe how critical strains Y that cause failure decrease when the strain rate increases (Crowninshield & Pope, 1974; Ferreira et al., 2006; Hansen et al., 2008) .
Despite the central role that DTFs play in biomechanical studies, there is no coherent literature on how to formulate a DTF, excluding the field of heat-induced damage studies (Roti & Henle, 1980; He & Bischof, 2003; Feng et al., 2008) . The purpose of this communication is to describe six mathematical functions suitable for formulating a wide range of DTF, at the levels of tissues 94 Gefen or cells. These functions were adapted for this technical note from the biomathematical theory of restricted growth (Seber & Wild, 2003) , and were fitted herein to describe biomechanical damage phenomena. Relevant properties of each adapted function type were extracted, to allow efficient fitting of its parameters to empirical biomechanical data, and some practical examples are provided. This is the first paper to present an organized collection of generic damage threshold functions. It further provides the function-specific properties and procedures for finding start values for estimation of the DTF parameters, which is a process needed in nearly any biomechanical study that involves computer simulations of damage onset and/or development based on empirical data. This communication should therefore be helpful as a reference guide when there is a need for mathematical formulation of a cell death or tissue injury threshold, to extrapolate biological damage predictions from biomechanical simulations.
Methods
The following six function types were adapted for utilization as DTFs.
(I): Richards (1959) (Morgan et al., 1975) function (IV): Gompertz (1825) function (V): Weibull (1951) function (VI): Bertalanffy (Bertalanffy, 1938) function These functions were selected, and each was reformulated (Table 1and Figure 1 ) so that they fulfill the following two conditions: (1) The DTF Y = f(X) is monotonically decreasing from a value r 1 for X → 0 to an asymptotic value ξ 2 at X → ∞. The value ξ 1 is said to represent the maximal load tolerance of a tissue/cell at low time variable (X) values, whereas the value ξ 2 represents maximal load tolerance for high time variable (X) values. Hence, ξ 1 > ξ 2 , which is typical for a DTF as mentioned earlier.
(2) There is a point (X*, Y*) on the Y = f(X) DTF curve where the most abrupt decrease in the load value (Y) occurs. The (X*, Y*) point was calculated here as function of the DTF parameters for each function type (Table  1) , by setting the second derivative Ÿ(X) equal to zero. Because it will usually be possible to obtain first estimations of ξ 1 , ξ 2 , and (X*, Y*) directly from experimental data, the information in Table 1 Figure  2b ). Formulating a DTF is required in this case for determining conditions at which deep pressure ulcers occur in muscle tissue that is subjected to pressure by bony prominences (Gefen, 2007; Linder-Ganz & Gefen, 2008) . Example 3 employs the data of Crowninshield & Pope (1974) on strain tolerances of bovine compact bone subjected to tension at different strain rates. Their data ( Figure 2c ) are combined with those of Ferreira et al. (2006) , who found that the failure strain of bovine compact bone does not change significantly at strain rates above the order of 10/s, and is 0.025 ± 0.005 at that plateau phase (calculated from the raw data given in Table  1 of the Ferreira article). (There are technical difficulties that limit the use of the same experimental setup for applying strain rates at a range that spans over several orders of magnitude; this is well reflected in Table 1 of the Hansen et al. (2008) article, which reviews literature reports of strain rate effects on mechanical properties of compact bone. Hence, in practice, it is necessary to use more than one study to define a generalized DTF that holds for a wide range of strain rates.) This failure strain value at high rates is, interest- 2. Then calculate a start variable for κ using empirical X* data (for ω ≠ 1).
Table 1 (continued)
Figure 1 -Function types that are useful for modeling cell death or tissue injury thresholds. Values are in arbitrary units. The following parameter values were used to plot these examples: ξ 1 = 90, ξ 2 =10, X 0 = 15, ΔX = 2, ν = 4, ρ = 2.5, η = 0.001, λ = 0.05, τ = 40, κ = 0.1, θ = 2, and ω = 3. Parameters can be selected to form a sigmoidal shape (Functions I-III and V) or a hyperbola shape (Functions IV and VI). See Table 1 for properties of each function type.
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ingly, statistically indistinguishable from data of Hansen et al. (2008) for human cortical bone, although Hansen used a different experimental setup to test human compact bone at high strain rates. A DTF is needed in this example to predict bone fractures from dynamic strain analyses.
The DTF fitting procedure for each of these experimental data sets is demonstrated in Table 2 . Nonlinear regressions for these examples were conducted using a dedicated macro written in Microsoft Excel 2003, based on the algorithm of Brown (2001) . (Table 1) to describe closed-form DTFs for Examples 1, 2, and 3, respectively, are demonstrated in Table 2 and Figure 2 . Specifically, procedures for calculating start values for parameter fitting in each case (using the (X*, Y*) equations in Table 1 ) are provided in Table 2 , and fits of each DTF are visualized in Figure 2 . Final parameter values of the fits, obtained using nonlinear regression (MSSE), are provided and compared with respective start values in Table 3 . Crowninshield & Pope (1974) data (squares) of failure strains for bovine compact bone undergoing tensile deformations at different strain rates. The equivalent data of Ferreira et al. (2006) for bovine compact bone were used to define the asymptote part of the curve (gray shading). The region of low strain rates in the curve (less than 2/s) is magnified for clarity. SNLCR = squared nonlinear correlation ratio. Table 3 Final values for parameters of the damage threshold function (DTF) types used in the three examples in Table 2 . Values were calculated by means of nonlinear regression using the minimum sum of squared errors (MSSE) as the objective function.
Results

Applications of Weibull (V), Richards (I), and Gompertz (IV) functions
Reference for source data
DTF fitted Parameters estimated by MSSE
Difference from start values in Table 2 The RRMSE is the RMSE divided by the mean of
The RMSE and RRMSE parameters could not be calculated in this case because experimental data points did not define the DTF curve directly, but instead were available above and below the theoretical curve (Figure 2b ).
Gefen
Discussion
The utility of the functions adapted from the restricted growth theory for describing biomechanical DTFs was demonstrated in the examples in Tables 2 and 3 and Figure 2 . It is important to note that depending on their parameter values, these functions can take the form of either a sigmoid (as in Example 2; Figure 2b ) or a hyperbola (Examples 1 and 3; Figures 2a,c) . As shown herein (Figure 2 ), these two behaviors can be expected for biomechanical DTFs, and the functions in Table 1 can describe both (Figure 1) . A practical approach to selecting a DTF from Table  1 for some specific experimental data would be to first plot X, Y measurement values in a coordinate system with point-to-point lines to visualize the trend. In most cases, one already gets indications regarding: (i) The selection of the appropriate DTF shape, that is, sigmoid or hyperbola, and, if a sigmoid, whether it is a symmetrical sigmoid (DTF II, Figure 1 ) or a nonsymmetrical sigmoid (DTF I, Figure 1 ). (ii) Localization of the inflection point (X*, Y*). After choosing a DTF type, parameters are fitted by nonlinear regression (e.g., using MSSE). The best two or three candidates for a DTF form (Table 1) should be checked separately by calculating the nonlinear correlation ratio for each DTF fit, which then provides a quantitative means for rating the successfulness of the selection.
There are some relations between the presently proposed DTF types that should be considered in the process of selecting a DTF form. Specifically, the Boltzmann function (II) is a particular case of the Richards function (I), where the sigmoid is symmetrical around its inflection point, which means that the asymmetry parameter in the Richards function, ν (Table 1 , row I), equals one. The Boltzmann function should be used when the plotted experimental DTF data show similarity to a symmetrical sigmoid. Selecting a Boltzmann-type DTF in such case helps in avoiding over-parameterization of the DTF. The Morgan-Mercer-Flodin function (III) is further provided in this article as an additional option, other than Richards, for representing a nonsymmetrical sigmoid-shaped experimental DTF. Empirical DTF data that show a nonsymmetrical sigmoidal behavior should hence be fitted with both a Richards function (II) and a Mercer-Morgan-Flodin function (III) to find the best nonlinear correlation ratio, and, based on this, make a selection between these two nonsymmetrical sigmoidal options. There are also similarities between the Gompertz (IV), Weibull (V), and Bertalanffy (VI) functions, in the sense that they all nest the single exponential decay model for representing a hyperbola-shaped DTF. Here again, a decision in regard to selection between the DTF forms IV, V, and VI should be based on a comparison of nonlinear correlation ratios when fitting these functions to a specific empirical data set.
All nonlinear regression procedures need a start value for each parameter. These start values are corrected iteratively until the DTF optimally represents the empirical data. The number of solution sets for the parameters is theoretically infinite, and covariance between parameters might also exist (Seber & Wild, 2003 Table 2 .
The use of each of the six DTFs, as formulated in this article, requires a priori selection of the confidence level (based on the relevant experimental data), so that damage predictions by any simulation code that incorporates the chosen DTF will be subjected to that confidence level (e.g., 95% or 99%). This has been demonstrated in the paper with the experimental temperature data of Feng et al. (2008) that caused death of human prostate cells at a 95% likelihood, which is, by definition, the confidence level of the Weibull DTF selected in that example. Although the necessity to assume a confidence level a priori might be a limitation in some studies, the Load = f(Time) formulation for DTF is directly suitable for evaluating the time effect on damage development in otherwise static numerical simulations of distributions of mechanical deformations, scalar strains, scalar stresses, strain energy densities, pressures, temperatures or electrical current densities calculated from finite element, and finite difference or finite volume analyses. To illustrate how the Load = f(Time) form of a DTF can be used in a computer simulation code, let us consider an example from the field of pressure ulcer research, in which a finite element simulation is conducted to evaluate mechanical loads in the soft tissues of the buttocks in an individual confined to a wheelchair (Gefen, 2007; Linder-Ganz & Gefen, 2008) . The soft tissues of the buttocks of such an individual are substantially deformed between the bony prominences of the pelvis and the sitting surface of the wheelchair. The simulation hence provides the distribution of mechanical deformations, strains, strain energy densities, and stresses in the distorted tissues (Gefen, 2007; Linder-Ganz & Gefen, 2008) . Using the Load = f(Time) DTF formulation, it is then possible to predict the distribution of tissue damage at sequential time steps, by locating the tissue sites that exceed the critical load at each time increment (see Gefen, 2007 , or Linder-Ganz & Gefen, 2008 for detailed examples employing a sigmoidal Stress = f(Time) DTF). This further allows us to produce a distribution map of the expected tissue damage at each time step directly from the standard output of mechanical load distributions as solved by the finite element software package (Linder-Ganz & Gefen, 2008) . To overcome the issue of probability, it is suggested that several separate simulations are run-each with a different confidence level for the DTF (e.g., 95% likelihood of tissue damage, or 99% likelihood, as applicable to the specific data)-and then the predicted damage maps are superimposed.
The error in each DTF described herein can be approximated systematically as the total differential of the DTF, based on estimations of the errors or uncertainties of its parameters. Specifically, to calculate the error of a DTF, one needs to compute the derivative of that DTF for each of its parameters p, DTF′(p), and to also have an estimate for the uncertainty in the value of each parameter, Δp. The total differential, ΣDTF′(p) × Δp, is then the error in estimating the DTF. It should be noted that some of the uncertainties in parameters might be obtainable directly from the experimental data, for example, the standard deviation of the damage threshold curve at the start, inflection (X*, Y*), or plateau points may be indicative of the uncertainties in the respective parameters that are calculated from the values of these points, using the procedures explained in the right column of Table 1 . Namely, calculating parameters as explained in Table 1 with a low estimate and a high estimate for each point on the experimental threshold curve (start, inflection, and plateau) will provide the ranges of parameters, and therefore the uncertainties in each parameter of the DTF. This error analysis will yield the worst-case DTF error scenario.
To summarize, an organized collection of generic DTFs and procedures for finding start values for estimating DTF parameters were missing in the biomechanical literature, which has motivated this communication. The collection of functions and properties in Table 1 is useful for mathematical formulation of cell death or tissue injury thresholds, in order to extrapolate biological damage from biomechanical simulations.
